Abstract. Results on finite-time blow-up of solutions to the nonlocal parabolic problem
Introduction
Let Ω be a bounded domain in R n with smooth boundary. Consider the following nonlocal mixed problem: 
u(·, t) → ∞, as t → T,
when T is finite. In this paper we are interested in the following question: For what values of δ does any maximal solution of (1) blow up in finite time? This problem describes several physical models where one may consult Bebernes-Lacey [3] and Bebernes-Li-Talaga [5] for references. In particular, blow-up of the solution describes the formation of shear bands in materials due to the insufficiency of diffusion compared to the heat generated by high strain rates. Here u stands for the temperature. When p = 0 in (1), the problem becomes local, and it is the combustion ignition model studied rather thoroughly before. A systematic account can be found in the book Bebernes-Eberly [2] . Among other things, the following results are basic: (I) For the corresponding stationary problem
there exists a critical number δ * ∈ (0, ∞) so that (2) δ is solvable for any δ ∈ (0, δ * ) and not solvable for any δ ∈ (δ * , ∞). The situation δ = δ * is rather delicate; sometimes stationary solutions exist but sometimes not; see Joseph-Lundgren [10] for results on the ball.
(II) For any δ > 0, there are always some solutions of (1) (p = 0) which blow up in finite time. However, for δ > δ * , all maximal solutions blow up in finite time (Bellout [1] ).
The mathematical theory of the nonlocal problem (1) was initiated and studied in Bebernes-Talaga [4] , Bebernes-Lacey [3] and Bebernes-Li-Talaga [5] . Corresponding to (I) and (II) respectively the following are known:
(III) Consider the stationary problem 2n|∂Ω| σ|Ω| 1−p (see Section 2) and δ * (p) = δ * (p) for any n-dimensional ball with n = 1, 2. (IV) On any n-dimensional bounded domain with n = 1, 2, if δ * (p) is finite, then for any δ > δ * (p), all maximal solutions of (1) δ blow up in finite time. Although these results suggest that the nonlocal problem is in many ways analogous to the local problem, full results have not been recovered. This is mainly due to the fact that comparison principle, which is essential in the study of the local problem, is not available for the present situation.
In this paper we shall establish some results extending those in (IV) to higher dimensions. To formulate them it is necessary to describe a weak notion of a stationary solution, whose motivation will become clear in the proof in Section 1.
Specifically, a function u in
and
It follows that any weak stationary solution u satisfies
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We set δ(p) = inf{δ : (1) δ does not admit any weak stationary solution for any δ δ }.
So we haveδ(p) δ * (p) in general, andδ(p) = δ * (p) when n = 1, 2, since, thanks to Sobolev and Moser-Trudinger inequalities coupled with the regularity properties of (4), any weak stationary solution is classical. Our main result is
For the classical parabolic problem, there is an earlier result relating weak steady state solutions to finite time blow-up in [6] .
The next result gives some sufficient conditions on the finiteness ofδ(p).
Theorem 2.δ(p) is finite in either one of the following cases:
Moreover,δ(p)
In [3] it is proved that for any δ > 0, there exist some maximal solutions of (1) which blow up in finite time. In Section 2 we shall show that for all sufficiently small δ (depending on Ω), (3) admits solutions. This in particular implies that δ * (p) is always positive.
Universal finite-time blow-up
Problem (1) has a Liapunov functional called its energy, which is given by
We have the dissipation relation
In particular, it implies that the energy is decreasing in time. Now we prove Theorem 1. We shall assume u is a global solution of (1) δ , δ >δ(p), and draw a contradiction.
We begin with a standard argument. Let ξ(t) = e u p . We have
for some C 0 that depends only on δ, p and |Ω|. We fix an m ∈ N such that m(1−p) > 2; then
Using the energy decreasing property, if, at some t 0 0,
for all t t 0 , so u 2 blows up in finite time. The contradiction holds. This shows that the energy of any global solution is bounded below by −C 0 /2.
However, when the energy has a uniform lower bound for all time, by the energy dissipation relation we can find a sequence {t j }, t j → ∞, such that
Multiplying (1) with u j ≡ u(·, t j ) and then integrating over Ω, we get
As a result,
Fix p , p < p < 1. We can find a constant C 1 such that
for some C 2 independent of j. From the expression for the energy we also get
for some C 3 independent of j. By passing to a subsequence if necessary, we may assume further that
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for some u. If we can show that
then u is a weak stationary solution, whose existence is impossible for δ >δ(p). This contradiction shows that any maximal solution blows up in finite time.
To prove (1.1) we observe that for any ε > 0, there exists a large M such that
For any measurable E ⊂ Ω,
Hence E e u j < ε for all j whenever |E| < ε 2e M . We have shown that {e u j } is uniformly integrable. Since {e u j } also converges to e u a.e., we conclude from the Vitali convergence theorem that (1.1) holds. The proof of Theorem 1 is completed.
Existence and nonexistence of stationary solutions
We first prove Theorem 2(b). Recall that Ω is strictly star-shaped if there exists some σ > 0 such that
where ν(x) is the unit outer normal at x. In [3] it is shown that no stationary solution exists when (2.1) holds for large δ; see (III) in the Introduction. Here we demonstrate the same argument that can be adapted to weak stationary solutions. Indeed, let u be a weak stationary solution and let {u j } be an "approximation sequence" described in its definition. We set
We have, by performing integrating by parts,
From (2.2), we have
Therefore,
where C depends on diam Ω and n. By integrating (2.2) we have
Putting this into the above inequality yields
Letting j → ∞ we conclude
which means thatδ
Next we prove Theorem 2(a). Let φ > 0 be the first Dirichlet eigenfunction with φ L 1 (Ω) = 1. For any weak stationary solution u we have
We shall show that there exists some positive d 0 depending on Ω such that
for some constant C, where Ω = {x ∈ Ω : dist(x, ∂Ω) d 0 /2} and A = Ω \ Ω . Then, by the Jensen inequality,
which implies thatδ(p) is finite.
It remains to establish (2.3). We shall use the method of moving planes ( [8] and [7] ). We only treat the case n = 2, for the case n = 1 is similar and we can use the method of moving planes directly.
Due to the smoothness of ∂Ω we can fix a positive ρ 0 such that every boundary point has an exterior disk of radius ρ 0 . For a fixed x 0 on ∂Ω let D be its exterior disk. For simplicity we may assume the center of D is the origin. We use the inversion with respect to D to invert Ω to Ω * ⊂ D. By the Kelvin transform (see e.g. [9] ) the function
, r = |x|. Note that any weak stationary solution is classical when n = 2. Since g is decreasing in r (this is not true when n 3) and Ω * is uniformly convex near x 0 , by the method of moving planes one can show that v is strictly increasing along a segment on the inner normal starting from x 0 . There is a uniform positive lower bound for the length of these segments for all points on To conclude this paper, let us show that (3) is solvable for all small δ. Indeed, let v be a solution of (2) 
